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Coding

XeC
uniform

X1 BSC(e)

C={000, 010, 101, 111}
«—>
n ... blocklength

code

decoder

Y
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Important Parameters

(r, P, xg, xp> 1) rate, error probability,
encoding complexity,
decoding complexity,
blocklength
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Linear Codes

C(G) ={x€]F":x=uG,u€]Fk}

1 0 0 01 1 0
G=0100101
0O 0 1 0 0 1 1
0 0 01 1 1 1

generator matrix
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Linear Codes

C(G)={x€IF”:x=uG,uE]Fk} C={erF":xzuG,uEIFk}={x€]F":HxT=OT}

1 0 0 01 1 0
- 0O 1 0 0 1 0 1 1 1 0 1 1 0 O
C=10o 0100 11 H=l1 0110 1 0
O 0 0 1 1 1 1 O 1 1 1 0 0 1
generator matrix parity-check matrix
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Linear Codes

C(G)={x€F":x=uG,u€]Fk} C={xeF":xzuG,ueFk}={x€]F":HxT=OT}

1 00 01 1 O
5 01 0 0 1 0 1 1 1 01 1 0 O
=10 0100 1 1 H=l1 01101 0
O 0 01 1 1 1 0O 1 1 1 0 0 1
generator matrix parity-check matrix
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Sitwise MAP Decoding

LMAP

x; (y) = argmaxxie{il}PleY(xily)
(law of total probability) = argmax, ..\ ) Px|y(x|y)

~x"

(Bayes') - argmax, ., , Y py;x(y|)px(%)

(2.13) = argmax, .y > ([T 2y x, (51 %)) Lixecy
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Sitwise MAP Decoding

FM4P () = argmax, ., P, v(%i ] 7)
(law of total probability) = argmax, ..\ ) Px|y(x|y)
(Bayes') - argmax, 1,y 3" py)x (1) px(%)
~Xj
(2.13) = argmax, .y > ([T 2y x, (51 %)) Lixecy
~Xp
7
ArgMax, e 41} Z(l-! me,-(}'jl xf)) Ly 424=0) L {3 42044 x6=0} L {44 x5 +27=0)
X1 X2 X3 X4 X5 Xg X7 z ;7E§7; L xgexsexp-0)
6 A6
H=1101000 p(¥s| xs)
00110120 P }’4Ix4) ﬂ{x3+x4+x6~0}
0001101 Hiiiﬁ
P }’llxl) ﬂ{x1+x2+x4~0}

ILDPC -- Gallager ‘60]
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achieves the capacity for a fairly wide array of
channels
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very general phenomenon

iInformation theoretic view why
codes work

first “low complexity” scheme which provably
achieves the capacity for a fairly wide array of
channels

many possible variations on the theme
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Polar Codes: Summary

Erdal Arikan, ISIT 2007

very general phenomenon

iInformation theoretic view why
codes work

first “low complexity” scheme which provably
achieves the capacity for a fairly wide array of
channels

many possible variations on the theme

codes not only good for channel coding;
work equally well for source coding and more
complicated scenarios
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Codes from Kronecker

Product of Go
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Codes from Kronecker Product of Go

- OO

- O = O
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Codes from Kronecker

Product of Go

G 0O O O ]

Gy Gy Go Go |

Go Go 0 O
Go 0 Gy O
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Codes from Kronecker Product of Go

O 00 OO0 O0 07

|

1

O 00 O0OGO

1
1

O 001 0O0DO0

1
1

O 00 0O
1

0

O 0 0O

]

o O
O =
— O
- -
o O
O

— O
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Codes from Kronecker Product of Go

length N =2" me N

1 0 0 0 0 0 0 07
11000 O0O0O
101 000O0O
Go3 _ 1111 0000
2 1000 10O0O
11001100
10101010
111 111 1 1_
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Codes from Kronecker Product of Go

length N =2" me N

generator matrix: rows of G5

1 0 0 0 0 0 0 07
11000 O0O0O
101 000O0O
Go3 _ 1111 0000
2 1000 10O0O
11001100
10101010
111 111 1 1_
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Codes from Kronecker Product of Go

length N =2" me N

generator matrix: rows of Ggi""

"1 0 0 0 00 O0 07 . -
11000000 1 T
10100000 > —@
i 11110000 "
'\>_<)3 ol l ] 7S
G"=11000100 0 K
11001100 “s —o—— =
1 0 40 4 06 9 :0 " s %
11111111 )
uz L

= ®3
X = [Up Uy Up Ug Uy Us Ug U7] Gy
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Codes from Kronecker Product of Go

length N =2" me N

generator matrix: rows of G5

X0

"1 0 0 0000 07 ,
11000000 1 1
10100000 @
: 11110000 .
(>_<)3 ol 178
G"=11000100 0 N
11001100 —o =
10101010 . . "
11111 111] )
X =[000 us 0 us g ur] GS° o .
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Codes from Kronecker Product of Go

length N =2" me N

generator matrix: rows of G5

X0

"1 0 0 0000 07 ,
11000000 1 T
10100000 @
: 11110000 .
(>_<)3 ol 178
G"=11000100 0 N
11001100 —o =
10101010 . . "
11111 111] )
X =[000 us 0 us g ur] GS° o .

How to choose the rows?
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Reed-Muller Codes

length N =2" me N

generator matrix: rows of G;"" How to choose the rows?
"1 0 00 0O 0 O0°
11000 0O00O0
101 00O0O00O
GE3 _ 11110000
2 10001000
11001100
1 01 0 1 0 1 0
11111111

= %3
X = [Ug U1 U U3 Uy Us Ug U7)Gs
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Reed-Muller Codes

length N =2" me N

generator matrix: rows of G5 How to choose the rows?
"1 0 0 0 0 0O 0 0°
11000 0O00O0
101 00O0O00O
GE3 _ 11110000
2 10001 0O00O
11 0 01 1 0 0 |« choose rows of largest weight
10101010
1111 111 1

X =[000 uz 0 us Us U7]G5*
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Polar Codes

Up —p + 2wl v
Us P P xd W — Y;
U — +2lwl-v,
Us P Swl-vs
Us —@—— 4w v,
Us D %5 Wi Ys
Us —P 25 Wi— Ys
Uy Xl

W -- BMS channel
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Polar Codes

0
w®

Ug —f—P 2w~ Y,
Noise P o wl-v,
Noise — 112wl
Noise P X5 WY
Noise —@ 3 X~ v,
Noise D il W Ys
Noise —@ G W i— Ys
Noise X7 WYz

W -- BMS channel
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Polar Codes

Noise

Noise

Noise

Noise

Noise

Noise

P + 2wl v,
P o wl-v

B 2wl v,
1w - vs

& 4w vy
P Wk v

& X5 Wi Ys
a1 Wr— Yz

W -- BMS channel

0
w®

1
w)
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Polar Codes

Noise

Noise

Noise

Noise

Noise

® 2wl v,

P o w v,

D 2wl v,
2wl

F— 4w vy
P Wl

@ 48 W Ye
X7 W Y7

W -- BMS channel

Up W,(Vo) —> ¥
U, wilt— V.U
U —— WP — V.U
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Polar Codes

Noise

Noise

Noise

Noise

P 2wl v,

P o wl-v

P a2 lwl-v
12w v,

—@ 4wl v,
P Wk v

& X5 Wi Ys
a1 Wr— Yz

W -- BMS channel
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Polar Codes

Noise

Noise

Noise

S

D
Ly
<

o0
R

0
Ly
<

o0
N\
0
Y
<

o
L%
<

o0
L
<

W -- BMS channel
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Polar Codes

Noise

Noise

<

LN
Ly
3

o0
L

0
L
3

0
Y
0
Y
<

o0
L%
<

o0
7
<

W -- BMS channel

Uy w®
U, wil)
b, —w?
Us —— W)
Us W,(:)
Us Wﬁf)
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Polar Codes

Noise

3

PN
Ly
<

Y
LU

0
L
<

0
Y
<

o0
7
<

o0
L
<

W -- BMS channel

Uy w®
U, wil)
b, —w?
Us —— W)
Us W,(:)
Us Wﬁf)
Us vas)
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Polar Codes

(0
Uy wN)
U wid)
e wl- v, : N
X
() W— Y1 (2)
Up — Wy
e 2wl v
S W)
@ X3 WY G o
Xy
P Wi Ya (4)
Uy Wy,
X
P W= Ys
3)
X Us w!
P Slw = Ys &
X7
Wi— Y7 (6)
Us Wy,
W -- BMS channel v W)
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Channel

Polarization

v 2
Y, U3

5o

.<l
Sn
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Channel

Polarization

as N — oc, channels polarize,
either completely noisy or
noise-free

Uy w®
U, wil)
b, —w?
Us —— W)
Us W,(:)
Us Wﬁf)
Us vas)
b ——w
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Channel

as N — oo, channels polarize,
either completely noisy or
noise-free

fraction of good channels
approaches capacity /(W)

Polarization
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Channel

as N — oo, channels polarize,
either completely noisy or
noise-free

fraction of good channels
approaches capacity /(W)

fix bad channels and transmit
uncoded bits over the good ones

Polarization
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Channel

Polarization
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Channel

Polarization
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Channel

Polarization
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Channel

Polarization
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Channel Polarization

A

1+

0 -
0 1
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Channel Polarization
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Channel

Polarization
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Channel

Polarization
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Successive Decoding

o0
3/
0

0
3
0
L

o0

0
Ly

0
3/

0
A

Uo —P
Us
Uo —P
Us
Us —P
Us
Us —P
Uy
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Successive Decoding

F—=10.1,2,4)

Py
N
o
N

Parn)
L/
o0
7

i)

P
3’

o
L

o
L/

Py
\L/
Us
.
gy
Us
Us —®
Uy
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Successive Decoding

F—=10.1,2,4)

Py
N
o
N

Parn)
L/
o0
7

From O till N — 1

o0

P
3’

a4
U

o
L/

Py
\L/
Us
.
gy
Us
Us —®
Uy
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Successive Decoding

F={0,1,2,4}

Py
N
o
N

Parn)
L/
o0
AL

o0

P
3’

a4
U

o
L/

From O till N — 1 -
If I - F, fl, — O Us
ifi € F°¢,
.. P0]oy~",y)
o =4 % TRy 7 s
[ otherwise
Us —®
Uy
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Successive Decoding

F=1{0,1,2,4) 8

g

Py
Y
0y

Parn)
7
oD
N

0
g

10
Ay

Fan)

/

4
FromO till N — 1 s
ificF,u,=0 P(us | 13.¥) Us
if i € F¢,
.. PO\, y)

3 0, Iif - 1
u, — ' P(1|U6_1ay) a

[ otherwise

Fan)
L/
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successive

F=1{0.1,2,4)

FromOtill N — 1
ificF,0=0
if 1 € F¢,
PO, ~",¥)

=49 Teaa=5 >
[ otherwise

Decoding

Uo & — Yo

Us P — V4

Up & — Vo

Us 57 — V3

us @ &> — V4

P(us | U3.¥) Us & — V5
& — V6

- V7
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Successive Decoding

F=1{0,1,2,4) .

From O till N —1 :
ifi € F, 0,' =0 s
if i € F¢, A
. PO, ¥)
Up = 2 I P(1|ay~",y) -2 i
[ otherwise

P(ug | 03.7) Vs

Y
N

— Jo

D)
Y

— V1

Pl )
N

— J2

D
AL

— V3

T
1/

— V4

Py
U

— Y5

P
L/

— V6
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Successive Decoding

F=1{0.124} .
From O till N — 1 :
ificF,u,=0 by

if i € F¢,
Up = 2 I P(1|ay~",y) -2 i
[ otherwise )
Us

P(u; | 88.7) Uz

Fan)

)

Py

D)

Y

R

— Yo

L

— V1

P )
N\

= )2

D

7

— ¥3

L/

— V4

N/

— Y5

L/

— V6
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Successive Decoding

F=1{0.124} "
From O till N — 1 .
ific F,i,=0 by
if i € F¢,
i = 0, if P(1|ay~".¥) > 1 s
[ otherwise

Pur | 0g.¥) V7

Complexity O(Nlog N)

Fan)

)

D)

Y

R

— Yo

L

— V1

P )
N\

= )2

D

7

— ¥3

Py
N/

— V4

N/

— Y5

L/

— V6
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More on Polarization
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More on

Polarization

P~ (ywyalur) =) 3P(yilur + u2)P(y2|uz)

Pt (y1yau1|un)

P(y1|u1 + u)P(y2|u2)
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More on Polarization

I(P7) = I(Uy; Y1 Y5)

[(PT) = I(Us; Y1 Y2Ur)
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More on Polarization

(U1Us; Y1Y2)
(X1; Y1) +16X5; Ya)
I(P).

I(P7)+ I(PT) =1
=
2
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More on Polarization

(U1Us; Y1Y2)
(X1; Y1) +16X5; Ya)
I(P).

I(P7)+ I(PT) =1
=
2

I((P7) < I(P) < I(PT)
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More on Polarization

Ui Us; Y1Y2)

I(P7)+ I(PT) =

(
(X1: Y1) + 1(X2; Y2) 0

/
/
21(P),

I((P7) < I(P) < I(PT)
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More on Polarization

Ui Us; Y1Y2)

I(P7)+ I(PT) =

(
(X1: Y1) + 1(X2; Y2) 0

/
/
21(P),

I((P7) < I(P) < I(PT)
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More on

Polarization
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More on Polarization

als
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More on

Polarization

Al
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More on

-
My
iy

Polarization
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More on

Polarization

—t
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—quivalent ©

Random” Channel
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—quivalent “Random” Channel

Set B1, B2, ... to be i.i.d. {+, -} valued,
uniformly distributed random variables
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—quivalent “Random” Channel

Set B1, B2, ... to be i.i.d. {+, -} valued,
uniformly distributed random variables

Define ln=I(\WB1 Bz - B
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—quivalent “Random” Channel

Set B1, B2, ... to be i.i.d. {+, -} valued,
uniformly distributed random variables

Define ln=I(\WB1 Bz - B

Study the distribution of I,
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Properties of Iy

lo=I(W) is a constant
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Properties of Iy

lo=I(W) is a constant

Ih € [0, 1]; so |nis bounded
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Properties of Iy

lo=I(W) is a constant
Ih € [0, 1]; so |nis bounded

Conditional on B4, By, ..., Bn, and with
P= W81 B2 - Bs |4 can only take on the
two values |(P*) and |(P")
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Properties of Iy

lo=I(W) is a constant
Ih € [0, 1]; so |nis bounded

Conditional on B4, By, ..., Bn, and with
P= W81 B2 - Bs |4 can only take on the
two values |(P*) and |(P")

Further, E[ln+1 | B1, Bo, ..., Ba]=((P)+ [(P))/2=I(P), so {In}
s a (bounded) martingale

Sunday, September 13, 2009



Properties of Iy
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Properties of Iy

a bounded martingale converges almost surely
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Properties of Iy

a bounded martingale converges almost surely

lo = liMn-w Inexists almost surely; E[l]=lo=I(W)
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Properties of Iy

a bounded martingale converges almost surely

lo = liMn-w Inexists almost surely; E[l]=lo=I(W)

PI’{||n+‘I-|n|SE}_’1; bout ||n+1—|n|=(|(P+)- (P))/2
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Properties of Iy

a bounded martingale converges almost surely

lo = liMn-w Inexists almost surely; E[l]=lo=I(W)

PI’{||n+‘I-|n|SE}_’1; bout ||n+1—|n|=(|(P+)- (P))/2

from extremes of information combining we know
that (I(PH)-1(P"))/2 <& implies that I(P)&(d, 1-0)

(I(P*)- 1(P))/2

|||||||||||||||||||
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Properties of Iy

a bounded martingale converges almost surely

lo = liMn-w Inexists almost surely; E[l]=lo=I(W)

PI’{||n+‘I-|n|SE}_’1; bout ||n+1—|n|=(|(P+)- (P))/2

from extremes of information combining we know
that (I(PH)-1(P"))/2 <& implies that I(P)&(d, 1-0)

we conclude that . takes values only in {O, 1}

(I(P*)- 1(P))/2

|||||||||||||||||||
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Summary of Known

Results
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Summary of Known

Results

achieve capacity on memoryless channels Arikan 2007
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Summary of Known Results

achieve capacity on memoryless channels Arikan 2007

Pa(N) ~ 2-N? Arikan and Telatar 2008

Sunday, September 13, 2009



Summary of Known Results

achieve capacity on memoryless channels Arikan 2007

Pg(N) ~ 2-N? Arikan and Telatar 2008

Pg(N) ~ 2- (W= Korada, Sasoglu, and U. 2009
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Polar Codes Based on Larger Matrices

In [Arikan08] generator matrix Is constructed from the rows
of G5, where

9
N
|
 —
—_

- O
N
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Polar Codes Based on Larger Matrices

In [Arikan08] generator matrix Is constructed from the rows
of G5, where

— —

- O
N

Consider codes constructed from G®, where Gisan ¢ x /¢

matrix. Blocklength N = ¢ x = uG®™
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Characterization of Exponent

Theorem (Korada,Sasoglu,Urbanke)
Forany R < (W), and ¢ x ¢ matrix G,

Pg(N) ~ 2=

where E,(G) = T S2_, log, d;.

g1

G— gi:1 d; = dmin(gj, (Git+1,-- -, ge))

gr
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—Xponent:

—Xxample
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=Xponent: Example

)

|
O -
-t -k O
- O O
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=Xponent: Example

)

]
O = -
—_—t -k O
- Q0 0O
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=Xponent: Example

G=| 1 % B
LB 5 Sl
] = 1,i0= 2,
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=Xponent: Example
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=Xponent: Example

G =

4 S [

dy=1,dy =2, ds =2

E.(G) = %(logg 1 +10g4 2 + logs 2) = 0.42062
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Results

Sunday, September 13, 2009



Results

E¢ = MaXge(o,1}x¢ Ec(G)
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Results

E¢ = MaXge(o,1}x¢ Ec(G)

For¢ < 15,E, < 3
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Results

E¢ = MaXge(o,1}x¢ Ec(G)
For¢ < 15,E, < 3

E — 0.51828
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Results

E¢ = MaXge(o,1}x¢ Ec(G)
For¢ < 15,E, < 3

E — 0.51828

Mg Bp= 1
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Summary of Known Results

achieve capacity on memoryless channels Arikan 2007

Pg(N) ~ 2-N? Arikan and Telatar 2008

Pg(N) ~ 2- (W= Korada, Sasoglu, and U. 2009
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Summary of Known Results

achieve capacity on memoryless channels Arikan 2007

Pg(N) ~ o-N? Arikan and Telatar 2008
Pg(N) ~ 2- (W= Korada, Sasoglu, and U. 2009
optimal for lossy source Korada and U. 2009

coding, Wyner-Ziv,
Gelfand-Pinsker, ...
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Source Coding

& o2l v
® o+ <]~ v,
& 2= v, Y-binary symmetric source
" RIIEY = d(0.1)= 1..d(0.0) =4d(1,1)=0
= Y- source word, X-reconstruction wor
® B XY == =
“ VE[A(X. V)] <D
o X5
= T X~ R>1— hy(D)
Us —@ %Il ve
Uy v
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Source Coding

trellis based quantization [Viterbi and Omura], constraint
ength to infinity

_DGM based quantization [Martinian and Yedidial],

'Wainwright and Maneva], [Ciliberti and Mézard], [Filler
and Fridrich], works well in practice

low-density compound constructions [Wainwright,
Martinian], uses MAP
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Summary of Known Results

achieve capacity on memoryless channels Arikan 2007

Pg(N) ~ o-N? Arikan and Telatar 2008
Pg(N) ~ 2- (W= Korada, Sasoglu, and U. 2009
optimal for lossy source Korada and U. 2009

coding, Wyner-Ziv,
Gelfand-Pinsker, ...
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Summary

+ completely new paradigm of coding

+ provably achieves capacity
+ low complexity
+ many applications

- currently only competitive for VERY large N
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Wyner-Ziv and Gelfand-Pinsker

! X R
— Encoder » Decoder =
7 l T v
1)

Figure 4.1: The Wyner-Ziv problem. The task of the decoder is to reconstruct
the source Y to within a distortion D given (Y, X).

M X . st LN M

.
— Encoder + H—>{Decoderp~

!

Figure 4.4: The Gelfand-Pinsker problem. The state S is known to the encoder
a-causally but not known to the decoder. The transmission at the encoder is
constrained to have only a fraction D of ones on average, i.e., E[X] < D.
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